esum e. On donne la densit e des nombres premiers qui divisent au moins un terme de la suite de Lucas fL n (P)g 1 n=0 ; d e nie par L 0 (P) = 2; L 1 (P) = P et L n (P) = P L n?1 (P) + L n?2 (P) pour n 2; avec P entier arbitraire.
Introduction
Let P and Q be non-zero integers. Then the sequence de ned by L 0 (P; Q) = 2; L 1 (P; Q) = P; and for every n 2; L n (P; Q) = PL n?1 (P; Q) ? QL n?2 (P; Q); is called a Lucas sequence (of the second kind). In this paper we will be mainly concerned with the case Q = ?1: For convenience we write L n (P) instead of L n (P; ?1): If S is any set of primes, then by S(x) we denote the number of elements in S not exceeding x: The limit lim x!1 S(x)= (x); if it exists, is called the prime density of S: It will be denoted by (S): paper we are interested in computing the prime density of the set of primes dividing at least one term of the sequence fu n + u n g: The characteristic polynomial associated to the sequence fu n + u n g is irreducible over Q:
Few people seem to have considered this problem. The papers 4, 5] are the only ones known to the author in this direction. In contrast several authors 1, 3, 6, 10] considered the prime density of Lucas sequences of the second kind having reducible characteristic polynomial (i.e. sequences of the form fa n + b n g).
Our main result is the following. Theorem 2. For P a non-zero integer let fL n (P)g 1 n=0 be the Lucas sequence de ned by L 0 (P) = 2; L 1 (P) = P and, for n 2; L n (P) = PL n?1 (P) + L n?2 (P): Then the prime density of this sequence exists and equals 2=3; unless jPj = L n (2) for some odd n 1; in which case the density is 17=24:
On taking P = 1 we nd that the prime density of the sequence of Lucas numbers equals 2=3: This was rst proved by Lagarias 4] . Taking P = 2 it is seen that the prime density of the Pell sequence is 17=24:
I would like to thank the referee for her/his helpful comments.
Outline of the proofs
The arithmetic of the sequence fA n g; where A n = n + n ; and 2 The prime densities 1 (e; j; ) and 2 (e; j; ) are computed in respectively x3 and x4. They are tabulated in Tables I and II 3. The prime divisors of Lucas sequences splitting in the associated quadratic number eld Let 2 Q( p D)nQ be a quadratic integer. In this section the prime density, 1 (e; j; ); of the set N 1 (e; j; ) will be computed by relating it to the degrees of certain nite extensions of Q (Lemma 1). In Lemma 3 these degrees are then computed in case N( ) = ?1: Using Lemma 1 and Lemma 3 one easily arrives at 4. The prime divisors of Lucas sequences inert in the associated quadratic number eld
As will be seen, in case is a unit of negative norm, the problem of computing the density 2 (e; j; ) can be easily reduced to that of computing the density of fp : (D=p) = ?1; p ?1 + 2 j (mod 2 j+1 )g: For D > 2 this density is computed in the next lemma. Let be a unit of negative norm. Now we are in the position to com- The smallest set in the above inclusion of sets has density P m j=1 1 (e; j; ):
The largest set has prime density 2 ?m + P m j=1 1 (e; j; ) in case D = 2 and m 3; and prime density 2 ?1?m + P m j=1 1 (e; j; ) in case D > 2: Letting m ! 1 shows that 1 (e; ) = P 1 j=1 1 (e; j; ): On computing the densities P 1 j=1 f 1 (e; j; )+ 2 (e; j; )g; on making use of Lemma 1 and Lemma 3, the proof is then completed.
Proof of Theorem 1. Since the prime density of fu n + u n g is invariant
